Irreducible forms for the metric variations of the 
action terms of sixth-order gravity and 
approximated stress-energy tensor 



Yves Decanini and Antoine Folacci 

UMR CNRS 6134 SPE, 

Equipe Physique Semi-Classique (et) de la Matiere Condensee, 

Universite de Corse, Faculte des Sciences, Boite Postale 52, 20250 Corte, France 

E-mail: decaniniauniv-corse . f r, folacciauniv-corse.fr 

Abstract. We provide irreducible expressions for the metric variations of the 
gravitational action terms constructed from the 17 curvature invariants of order six 
in derivatives of the metric tensor i.e. from the geometrical terms appearing in the 
diagonal heat-kernel or Gilkey-DeWitt coefHcient 03. We then express, for a four 
dimensional spacetime, the approximated stress-energy tensor constructed from 
the renormalized DeWitt-Schwinger effective action associated with a massive 
scalar field. We also construct, for higher dimensional spacetimes, the infinite 
counterterms of order six in derivatives of the metric tensor appearing in the 
left hand side of Einstein equations as well as the contribution associated with 
the cubic Lovelock gravitational action. In an appendix, we provide a list of 
geometrical relations we have used and which are more generally helpful for 
calculations in two-loop quantum gravity in a four dimensional background or 
for calculations in one-loop quantum gravity in higher dimensional background. 
We also obtain the approximated stress-energy tensors associated with a massive 
spinor field and a massive vector field propagating in a four dimensional 
background. 



PACS numbers: 04.62. +v 

1. Introduction 

Calculations which must be carried out in field theories defined on curved spacetimes 
are in general highly non-trivial. This is more particularly true in the context 
of renormalization of quantum fields and of quantum gravity but, even at the 
classical level, analogous difficulties can appear, for example, in the context of the 
radiation reaction problem of gravitational wave theory. This is mainly due to the 
systematic occurrence, in these calculations, of Riemann polynomials (i.e., polynomials 
formed from the Riemann tensor by covariant differentiation, multiplication and 
contraction) whose complexity, degree and number rapidly increase with the precision 
of the approximations needed or with the dimension of the gravitational background 
considered. The results of these calculations may be moreover darkened because of the 
non- uniqueness of their final forms what moreover complicates the comparison between 
the works completed by different authors: Indeed, the symmetries of the Riemann 
tensor as well as Bianchi identities are not used in a uniform manner and monomials 
formed from the Riemann tensor may be linearly dependent in non-trivial ways. In a 
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beautiful and very useful article [T], Fulling, King, Wybourne and Cummings (FKWC) 
have proposed to cure this last problem by expanding systematically the Riemann 
polynomials encountered in calculations on standard bases constructed from group 
theoretical considerations. They have also displayed such bases for scalar Riemann 
polynomials of order eight or less in derivatives of the metric tensor and for tensorial 
Riemann polynomials of order six or less. 

In Section 2 of the present article, we shall use FKWC-results to provide 
irreducible expressions for the metric variations (i.e. for the functional derivatives 
with respect to the metric tensor) of the action terms associated with the 17 basis 
elements for the scalar Riemann polynomials of order six in derivatives of the metric 
tensor (the so-called curvature invariants of order six). We also provide the irreducible 
expression for the cubic Lovelock tensor, i.e. the metric variation of the cubic 
Lovelock gravitational action The elements of the scalar FKWC-basis previously 

considered appear in the expression of the diagonal heat-kernel (or Gilkey [UlUinj) 
coefficient as and therefore in the unrenormalized or renormalized DeWitt-Schwinger 
effective action [Zl El [U [TOl HH [l2] associated with massive fields propagating in curved 
spacetime. As a consequence, our results will permit us to unambiguously express, 
in Section 3, for a four dimensional spacetime, the approximated stress-energy tensor 
constructed from the renormalized effective action associated with a massive scalar 
field as well as to construct, for an arbitrary six dimensional spacetime, the infinite 
counterterms of order six in derivatives of the metric tensor which appear in the 
left hand side of the bare Einstein equations. In a brief conclusion (Section 4), we 
shall consider some possible immediate prolongations of our present work. Finally, 
in an appendix, we shall provide a list of geometrical relations we have used (these 
relations are more generally helpful for calculations in two-loop quantum gravity in a 
four dimensional background or for calculations in one-loop quantum gravity in higher 
dimensional background) and we shall briefly extend the result obtained in Section 
3 by providing, in the large mass limit, simplified expressions for the approximated 
stress-energy tensors associated with a massive spinor field and a massive vector field 
propagating in a four dimensional background. 

All our results are obtained by using the geometrical conventions of Hawking and 
Ellis [13j as far as the definitions of the scalar curvature R, the Ricci tensor Rpg and 
the Riemann tensor Rpqrs are concerned and the commutation of covariant derivatives 
in the form 

rpp... _rpp... = I rP t*- - I _ K>< T^P- - _ n 11 

q...\sr q...\rs ' trs q... i • ■ ■ ^ qrs t... ' ' ' V / 

We use furthermore the FKWC-notations TUg q and TU^Xi }'■ q denotes the space 
of Riemann polynomials of rank r (number of free indices), order s (number of 
differentiation of the metric tensor) and degree q (number of factors V^i? ") while 
7^1 I denotes the space of Riemann polynomials of rank r spanned by contractions 

of products of the type V'^'^i? ". We refer to the FKWC-article [1] for more precisions 
on these notations and rigor on the subject. 
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2. Irreducible forms for the metric variations of the action terms 
constructed from 17 curvature invariants of order six in derivatives of the 
metric tensor and for the cubic Lovelock tensor 

In this section, we consider spacetime as an arbitrary D-dimensional pseudo- 
Riemannian manifold {M,gab) and we assume that its dimension D is sufficiently 
high in order to avoid any degeneracy of the Riemann tensor as well as any 
topological constraint associated with Euler-Gauss-Bonnet-Lovelock densities and 
numbers. Later, we shall drop this strong hypothesis. 

2.1. FKWC-basis for Riemann polynomials of order six and rank zero 

The most general expression of a gravitational lagrangian of order six in derivatives 
of the metric tensor is obtained by expanding it on the FKWC-basis for Riemann 
polynomials of order six and rank zero. This basis consists of the 17 following elements 



nil : noR 

^{2,0} • R-pqR^"^ RpqOR^'^ Rpq-^rsR^^'^'^ 

T?'^ -7? 7?'P 7? UPT,^ U PP'";? R RP9^s;* 

'v-jl 1| . -0,;pJX JXpq-flx. IXpq-j-rL JXpqfg-iIX 

7?0 • f?3 DE> r>pq p DP pqr p p pprqs pp ppqrs 

R RP R"?'** R ppquv prs p pp q prusv (0 ^\ 

^pq^ rst ^pqrs^ uv ^prqs^ u v ' \ / 



This basis is a natural one and is often used on this form in literature. However, 
it should be noted that certain authors prefer to use the scalar monomial RpqrsORP'^'^" 
instead of the scalar monomial Rpq-rsR^^'^" ■ This is the case of Gilkey in Refs. [5l[6]. 
This choice is only a matter of taste because these two terms appear equally in 
the calculations carried out in field theories defined on curved spacetimes and the 
elimination of one of them can be achieved by using the identity (|5.4p . It should be 
also noted that in these calculations, other Riemann monomials of order six and rank 



ZGrO such. 3iS Hjpq ^ ^ -^^pQuv ^^Ts ' '^^pQ ^ -^^vusv diiTXi^ -R-pvcis ^ y ^ 3irG 



systematically encountered. They can be eliminated by using the geometrical identities 
(|5.3p and (|5.5ap - (j5.5cp which permit us to expand them on the FKWC-basis p.ip . 

2.2. FKWC-basis for Riemann polynomials of order six and rank two 

The functional derivatives with respect to the metric tensor of an action term 
constructed from a gravitational lagrangian of order six is obtained by expanding 
it on the FKWC-basis for Riemann polynomials of order six and rank two. This basis 
consists of the 42 following elements [T : 




^pqrs;ab 



■{1,1} 



pp p \q pp pi 

^ a;q^pb ^ a;q^ 



R;aR;b R;pR^a-b 



R,pRab^ R^'^:aRpq,b R^'^;aRbp 

■9 ppq-r p ppq-r p 

' b;p ^Wqpa\b ^^-paqb-^r 
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Tipqrs n npqr n 

J I, ■a-^''Pqrs;b J^'- a-s^^pqrb 

^6,3 • R^Rab RRpaR^i, R^'^RpqRab R^'^ RpaRqb RR^'^ Rpaqb 

RF R^ ^Rpaqb FiF'^ R f^Rrqpb Rt{F^ ^Rpqrb 

^^ab^^ ^*^pqrs a p-^^qrsb i- pa *^fsqb 

RpqRF ^ Rrasb RpqR^ aR rsb R^^ RpqtaR^s b 

RP ' R pqaRtrsb R^'^ gRpgrtR a b' 

(2.2) 



Here, it should be noted that we have sUghtly modified the FKWC-basis of Ref. [T] : 

i) We have replaced the term R^'^Rpa-qb proposed in Ref. [1] by the term 
R^'^Rpa;bq- We think it is more interesting to work with the latter which directly 
reduces to an element of the scalar basis p.ip by contraction on the free indices a and 
6. In fact, these two terms are linked by the geometrical identity (|5.7p so it is easy to 
return to the original FKWC-basis. 

ii) We have replaced the terms R^'^'^aRprqb, R^'^'^ Rprqa-b and R^'^R^ ^Rpj.qb 
proposed in Ref. [T] by their opposites respectively given by R^'^'^^^Rrqpb, R^'^'^ Rrqpa-b 
and RP'^R^^Rrqpb- This choice has been done for obvious mnemotechnic reasons. 

In the calculations carried out in field theories defined on curved spacetimes as 
well as in quantum gravity and more particularly in the calculations we shall achieve 
in the present section, other Riemann monomials of order six and rank two which are 
not in the FKWC-basis (|2.2p are systematically encountered. They can be eliminated 
(i.e., expanded on the FKWC-basis (|2.2[) ) more or less trivially from the geometrical 
identities (lgTIJa - (i5TTO . (ICT]l . (l?T^ . (|5T^ and ^JU^- 

(|5.15ep we have obtained and displayed in the Appendix. 

2.3. Action terms constructed from the 17 scalar Riemann monomials of order six 

From the 17 elements of the FKWC-basis (|2.ip . we can construct 17 action terms 
which permit us to express the most general gravitational action constructed from a 
lagrangian of order six in derivatives of the metric tensor. For a general spacetime 
(M, gab) of arbitrary dimension D (with D sufficiently high), these 17 action terms are 
independent but if we assume that the considered spacetime has no boundary (i.e., if 
dA4 = 0), some of these terms are linked together due to Stokes's theorem. From now 
on, we shall work under this hypothesis and therefore consider that, for any vector 
field we have 



By using integration by part, the contracted Bianchi identities (|5.26p and (|5.2cp 
as well as the geometrical identities (|5.3p and (|5.4p and Stokes's theorem in the form 
(|2.3p . it is easy to prove that only the ten action terms 




(2.3) 




(2.6) 



(2.5) 



(2.4) 
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[ d^Xy/^ RRpqRP" 

JM 



d^Xy^ RpqRrsR^'''^ 



M 



I d'^X^ RRp^rsR''"'" 
JM 

[ d^'x^ Rp.RP.^.R"^^' 

JM 
JM 

[ d^x^g Rpr,,RWR-^'- 

JM 



(2.7) 
(2.8) 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 



are independent and that one of the remaining action terms vanishes while the six 
other ones can be expressed in terms of some of the previous ones: 



d"xy/^] UUR ^ 



M 



[ d^Xy^ R,pgRP'^ ^ f d^Xy^(]-RDR 
JM JM \2 



(2.14) 
(2.15) 



M 



d^Xy/~g 



M 



ROR + RpgORP"^ — RpqRPj.R'^^ + RpqRj.gR^^'^^ 



I d^x^f^ R.pK'P = I d^xy/^{-RDR) 

JM JM 

[ d^Xyf^ Rpq.rRP"-'' = [ d^Xy^i-RpqDRP") 

JM JM 

f d^x^ Rpq.,rRP'-''i ^ 

JM 



d^xy/^ I -^ROR - RpgRP^R'i'' + RpqRrsR'' 



M 



1 



(2.16) 
(2.17) 

(2.18) 



(2.19) 



/ d'^xV^ Rpqrs-.tR"'"''''' = 
JM 

[ d^xy/^ {RDR - iRpqDRP" + ARpqRP^R'i'' - ARp^RrsR^'''" 

JM 

-2R RP Z?''"^* + /? myquvnrs ,40 npq T3rusv\ 

(2.20) 

2.4- Explicit irreducible expressions for the metric variations of the action terms 
constructed from the 17 scalar Riemann monomials of order six 

The functional derivatives with respect to the metric tensor of the ten independent 
action terms p.4p - p.l3|) can be obtained by using the behaviour of these action terms 
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in the variation 

9f^iy 9t,u + 5gf,„ (2.21) 

of the metric tensor. From the corresponding variations of the geometrical tensors 
\/~g, R, D-R, Rah, ORab and Rabcd given in Subsection (5.2) of the Appendix (see 
(|5.18a|) - (|5.18/tP ) or in Ref. p4j and after tedious calculations, we have expanded the 
functional derivatives of the ten action terms (|2.4p - (|2.13p on the FKWC-basis (|2.ip 
and (|2.2p and we have obtained the following results: 

1 



M 



2{DR),ab-2{aR)Rab + R-aR:b 

-^gab[-2DnR- (1/2) R,pR'P], (2.22) 



b) 



{DR),ab - DORab + R ■.p{aR b) ^ R^^ Rpq-,{ab) 
-f Q RP'^ Rp(a fi)q — 2 (DRP'^)Rpaqb + R^'^'^ f^^R\rqp\b) 
+ 3 i?;pi?^(„.f,) - R'"^.aRpq:b + 2 R^"^ .(^aRb)p-q 
_|_ 4 — 2 RP'^RpaRqb + 4 RP^R'^j.Rpaqb 

rqp\b) 

+ ga6[-(l/2) UUR - 2 R.pqRPi + RpqUR^" 
+ 2 Rpq-rsR'"'"' - (1/2) R.pRP + (5/2) Rpq.rR"''' 
- 4 Rpq-rR^' '-'' - 2 RpqR^R'i'- + 2 Rp^RrsR^"'""] , (2.23) 



(6 3)(l)^ 1 / ^Z,^^^. 

= 6 RR-ab + 6 R-^R-b — 3 R^Rab 

+ gab[-6 i?ni? - 6 i?;pi?'P + (1/2) R% (2.24) 

= RR-Mb - {OR)Rab + 2 R.p(aR'\^ — RORab 



R'"' Rpq;(ab} + R;aR;b + R:pR^ (a;b) ~ ^-P^ab 



P 



+ 2 RP'^.^Rpq-b — R^'^RpqRab ~ 2 RR^"^ Rpaqb 

+ .9a6[-(l/2) RUR - - 2 i?p,ni?P9 

- - 2 Rpq.rR^'"'' + (1/2) RRpqR""] , (2.25) 
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= (3/2) i?.p(a-R^j) - SRp(aOR'\^ + i Rf"^ Rp{a:b)q 

+ (3/2) R.,pli\,.^,) + 3i?^'^(,i?,),;, -ZR^.^^R^^'^ 

+ ^ R^'^ {a^\rqp\b) 

+ 5a6[-(3/2) R.pqRP" - (3/8) R-^pR'P 

- (3/2) Rpq^rR"^'" - RpqRP.R'i'' + (3/2) Rp^R^sR^'^'], 

(2.26) 

= ~(l/2) (n-R)-Ra5 + R;p{a^b) + ^^'^ Rpq;(ab) 

— 2RP''Rab-pq — {nRP'')Rpaqb — 2 R'"''^ ^^R\rqp\b) 
+ (1/4) R.aR;b - RpRab'" + 2 R"" .aRpifi 

~ R^'' ■,(aRb)p\q + R^a;qR''b;p ~ R^'^''' Rrqp(a;b) 

2 RF^^ Rpaqb:r R^^ RpaRqb 2 R^j-Rpf^qb 
+ 2 R^"^ R^ (^aR\rqp\b) + 2 R^"^ R^'^ p^Rrsqb — 2 RpqR^^^ ^R'^^^f^ 

+ gabia/2) R.pqRP^ - Rp,DRPi - Rpq.rsR"'"'' 

- (1/2) RpgRrsRP'^^'], (2.27) 

= 2 i?i?;a6 — 4 i?ni?af, — 4 RP'^Rpaqb + 2 -R^''' ^Rpqrs\{ab) 

+ 8 R-pRP^^_j^^ — 8 R-.pR^b^ + 2 RP'^'^^ .g^Rpqrs;b 
+ 4 RRpaR^h - 4 RRP^paqb - 2 RR^'^^Rpqrb 

~^ 9ab\ ^ -^pq^rs-^^ ^ ^ Rpqrs\t-^^^ ' 

+ (1/2) RRpgrsR""''' -^RpqR^rstR"""' 

J- 9 J? TDpquv jyrs _l C Z? prusfi 
~r ^ -^pqrs-*^ ^ uv * ^ ■'^prqs-*^ u J' 

(2.28) 

= R\p(aR^b) ~ 2 -Kp(ani?''(,) + 2 RP'^Rp{a-b)q - 2 RP'^Rab;pq 

— R'P'^Rpaqb + 4i?^^^'^'"ii|pqr|5) + (1/2) Rf"^^^ Rpqrs;{ab) 

+ R;pR^ (^a;b) ~ R\pRab^ + R'"^ ■,{aRb)p;q " ^ R^ a;qRpb''' 
+ '^R^a;qR''b;p ~ ^ R^'''^ Rrqp{a;b) - R^'^'^ Rpaqb;r 

+ (1/2) - + 2i?^'«i?p„ii,6 
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— 2 RP^R'^^Rpaqb + 2 RP"^ (^^R\rqp\b) 
~ {a^'^^'^ \p\^\qrs\b) + 2 RpqR^^"^"^ Rrasb 

- R^'^^ ^ RpqtaR 

RP'i^R 

sit iLpq-_r 

- (1/4) i?p,..;ti?P«"'* + (1/4) RpqrsRP'^'^^R 



' 2 RpqRF a^'^rsb ~^ ^"^^ tipqlan^.^ f, 



- 4 R^^'^'^R^'p^^Rtrsb 

~\~ 9cii>\ ^ Rpq;rs^ 
qrs-t 



, r>s t 
i-pqrtJ^ a b 



RP'^-' + Rpq.rRP"''' 



(2.29) 



H 



(6.3)(7) 
ah 



^5g-b Jm -9^^?-^ ^ 



24-R^(a'''''^b9r|6) 



3 RPi^'^,^Rpijj.^.j^ — 6 RP'^^^.^R, 



6RPm'''„Rr 



pa^'-rsqb 
gab[{l/2)RpqrsR'"'^^R 



pqrb 

12 RP^'^'^R*'p^^Rtrsb 



(2.30) 



(6.3)(8) _ 



^ <5g"'' Ja^ 



-O R RP urusv 



(3/2) R'P'^Rpaqb — 3 {nRP'^)Rpaqb ~ 6 R'"'"^ i^^R\rqp\b) 
- (3/ 4) RP'^''^Rpqrs;{ab} + 3 R^'^.^Rpqib " 6 R'"^ .(^a^b)p-q 
+ 3 + 6 i?'"^'^i?.,p(a;b) + (3/4) RP^-'.^.Rpqrs.b 

+ 3 RP^R'^^Rpaqb + 3 ^''(a-R''^'*|p|^|grs|6) 
+ (3/2) RP'^ R^'^ pg^Rrsqb — 3 RpqRP^'^'^ Rrasb 



3 RpqRP aR'^rsb 
9 -R^ *^ -R pg^Rirsb 



(3/2) RP'^^'^ RpqtaRrsb 

+ {il2)RP'^\RpqrtR\' 



g,b[(l/2)i?p,,,i?P„',i?™-] 



(2.31) 

It should be here noted that the ten geometrical tensors (|2.22p - (|2.3ip are automatically 
conserved due to the invariance of the actions (|2.4p - (|2.13p under spacetime 
diffeomorphisms . 

Prom the relations and by using (l^?^ - ((OT|) . we can now directly 

obtain the functional derivatives with respect to the metric tensor of the seven 
remaining action terms. We obtain seven conserved tensors given by 



H. 



(6,1)(1) 



-g Sg'^b 



d^xy^ DDR = 0, 



M 



(2.32) 



H 



{2,Q}{2) _ 



ah 

{2,0}(1) 



-g R,pqRP'^ 



1 

iDR).ab- {DR)Rab + {l/2)R.aR-b 

+ gab [~DDR~ (1/4) R,pRP]. 



(2.33a) 
(2.336) 
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H 



{2,0}(4) 
ab 



-9 Sg" 



g Rpq:rs-^^ 



M 



--H 



■{2,0}(1) 



ab 



+ H 



■{2,0}(3) „(6,3)(3) „ 
ab ^ab ^ab 



■(6,3)(4) 



(2.34a) 



= (1/2) {nR),ab - OnRab + (1/2) R;p(aR\) 
+ ^ Rp{a^R^h) — R^'^Rpq;(ab) + ^ R^'^ Rp(a;b)q 

— 2RP'^Rab-pq — 3 {nR^'^)Rpaqb + 2 

+ (3/2) -R;p-R^(^.^j - R-pRa,;^ + R^'^.g^Rpq-b 

- 3 + 3 + R\;qR\, 

-|- 2 HF^^ Rrqp{a:b) ^ RF^ Rpaqb;r RF^ RpaRqb 
+ 2 RP^ R'^ ^Rpaqb + K^'' R'^\aR\rqp\b) 
+ 2 R^'^R''\aRrsqb - 2 RpqR'" " aR'' rsb 

+ 5a6[i?p9;..i?P'^'^ + (1/2) Rpq;rR'"''' 
-{l/2)Rp,.,rRP^-% 



(2.346) 



{i,i}(i) = 



7' 



{2,0}(1) 
ab 



-g R;pR" 



-2 (□i?);a6 + 2 (□i?)i?afe - R-aR;b 

+ gab [2aDR+ {1/2) R,pRP] 



(2.35a) 

(2.356) 



H. 



{1,1}(2) _ 



■ / d'^Xyf^ Rpq.^rR^"''' 

Jm 



-g Sg'''' 

: -H^l'^^^'^ (2.36a) 

: -{nR),ab + nnRab - R;p{aR\ + 2 R'"'Rpq;{ab) 
— 6 R^'^ Rp(a;b)q + 2 (□-R^*)i?pag6 — 4 i?^''''(^i?|rgp|6) 

2 ^^"^ ■(a^b)p;q 



3 R;pR^(a i>) ~^ ^^'^■,aRpq\b 
4: R^'''^ Rrqp(a:b) + 2 R^'^ RpaRqb 



2 R^'' R^ (aR\rqp\b) 



— 4 R^'^ R'^j.Rpaqb 

+ 5afe[(l/2) DDi? + 2 - i?p,ni?f9 

- 2i?j,,;,,i?f'-«^ + (1/2) - (5/2) Rpq^rR""''' 

+ 4 Rpq-rR"""'"^ + 2 RpqRP^R"'' - 2 Rp^RrsR^"'], (2.366) 



rT{l,l}(3) 
"■ab 



-g Sg° 



/ d^X.f^ Rpq-rR'""''^ 
JM 



rr(6,3)(3) rr(6,3)(4) 



ab 



(2.37a) 
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- -(1/2) {DR),ab - (1/2) R:,p(aR\^ + 3 Rp(aaR\^ 
+ R^'^Rpq-(ab) — 'i R^'^ Rp(a;b)q — "2. R^'^ Rab-pq 

- (nRP'^)Rpaqb - 2 R^'^''' f^^R\rqp\b) - (3/2) R;pR^ j^^.j,) 

- R.,pR^,^P + 2 i?f - 5 R'".^^,Rb)p;q 

+ 3 R^a-^gRpi,'"^ + R^a-qR''b.p ~ 2 R'"^''' Rrqp(a:b) 
2 J^^^'' Rpaqb\r ~f~ R^^Rpa-^qb 2 R^^Rpaqb 

- R'"R\aR\ rqp\b) -\-2R^^R p^Rrsqb 2 RpqR^ ^R ^.^^ 

+ ga6[(l/2) nOR + 2 R.pqRP'' - RpqDRP'^ 

- Rpq.rsR"'"" + (1/2) R;pR'P - 2 Rpq.rRP"'' 

+ (7/2) Rpg.rRP"^-'" + 2 RpgRP.R"'^ - 2 RpgRrsR^'^'^'], 

(2.376) 



-9 Sg-'b 



Hl'b''''' ^ ^.l^b d-.V-9 Rpqrs.R^"^ 



M 



_ H-{2,0}(1) .„{2.0}(3) .„(6,3)(3) .rr(6,3)(4) 

— 2i/lf '^'^ + ^l''"*'^ + ^H^l''^'^'^ (2.38a) 
= -4Hi^'°>(^) - 2Hil''^'^'^ + hH''^^'^ + 4i7lf (2.386) 
= -2 (□i?).ab + 4 - 4 i?;p(ai?''b) - 8 

+ 4i?f«i?p,;(,b) - 16i?f9i?p(,;fc), + 12 i?f«i?afc;p, 

+ SRP'^Rpaqb — 32 RP"^'^ ^^R\rqp\b) + R^ (a''^ R\pqr\b) 

— i RP'^''" Rpqrs;{ab) ^ ^ R-.pR^ {a:b) + ^ ^W^ab^ 
+ 8i?^'%i?p,;b - lQRP\^^R,)p,, - ^(^R\;qRpb' 

+ 1%R\.^R\.^ + 2ARP^'-Rrgp^a:J,) + 12 R^'^'^ Rpaqb-r 
+ 5 RP'^^^.^Rpqrs;b — 4 R^'^'^ a-sRpqrb^ + ^ R^^ R'^^Rpaqb 

— 8 RP"^ R^ ^^R\rqp\b) + R^ (a^''^'' \p\^\qrs\b) 

— 8 RP'^R^'^p^Rrsqb — RpqR^^'''' Rrasb 

o TDpqrs D D t QO r?prqs r>t p 

— on n-pqtaJ^rs f, ~ n n pg^ntrsb 

+ ^R^'^'^sRpqrtR\\ 

+ g,b[(l/2)i?p,..;ti?P«"'*]. (2.38c) 

It should be noted that the last six expressions can be also obtained by considering 
the variation of the action terms on the left hand side of (|2.15p - (l2.20p from (|5.20ap - 
(|5.20ep . Of course, the corresponding redundant calculations are tedious ones but we 
have also achieved them in order to check the validity and the internal coherence of 
our results. 

Finally, it seems to us interesting to provide also the functional derivative of the 
alternative action term constructed from the gravitational lagrangian RpgrsOR^'^^'' . 
From (|5.4p and (|2.16p and by using (|2.22p - (|2.3ip or directly by using integration by 
parts, we obtain for this conserved tensor 
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H, 



{2,0}(alt) 



1 



-9 Sg'^'' Jm 



d^'x. 



-g RpgrsORP^''' 



-H 



{2,0}(1) 



2H. 



(6,3)(6) 



+ 4i?, 
H. 



{2,0}(3) 
(6,3)(7) 



(6,3)(3) 



+ 4:H 



(6,3)(4) 



4iJ, 



(6,3)(8) 



4iJ, 



{2,0}(4) 



-H, 



ab 
{1.1}(4) 



2H 



:6.3)(6) 
ab 



H 



(6,3)(7) 



4iJ 



(6,3)(8) 
ab 



(2.39a) 
(2.39&) 
(2.39c) 

It appears as the opposite of Hjj^'^^'^^^ and its explicit expression can be obtained 
directly from ()2.38cp . 



ab 



2.5. Irreducible form for the cubic Lovelock tensor 

In 1971, Lovelock found the most general symmetric and conserved tensor which 
is quasi-linear in the second derivatives of the metric tensor and does not contain 
higher derivatives. It therefore generahzes the Einstein tensor Rat — {l/2)Rgab (see 
Refs. [2 [3] for the original discussion but also the paper by Deruelle and Madore [15] 
for a historical and physical presentation of this subject). Lovelock found moreover 
that this tensor can be obtained by functional derivation with respect to the metric 
tensor of an action constructed from a lagrangian which is the sum of dimensionally 
extended Euler densities. The Lovelock gravitational theory is an appealing one being 
free of ghosts [16l[T7] and is today more particularly considered in the context of string 
theory and brane cosmology. 

The Lovelock lagrangian C l reads 

Cl^Y. ^fe-^C") (2.40) 

ji>0 

where the Ck are real arbitrary coefficients while for n > 1 is the dimensionally 
extended Euler density of order n in the Riemann tensor (or the Euler-Gauss-Bonnet- 
Lovelock invariant of order n) given by 

, — J-APi-Ji nrisi nr„s„ (2 41) 

{") 2" l''! '"iiSii Pill Pnqn' \'^-^^/ 

Here ^^^IJ ^^^^ denotes the generalized Kronecker symbol which is totally 
antisymmetric in its upper and lower indices and which can be considered as the 
n X n normalized determinant 

o-en2„ 

We have £(o) = 1 by convention, >C(]^) ~ R and £(2) which reduces to the Gauss-Bonnet 
density, i.e. 

£(2) = RpqrsR"'"'' - iRpqR'" + R^. (2.43) 

The part of the Lovelock lagrangian which is cubic in the Riemann tensor is explicitly 
given by 

£(3) = i?3 _ 12 RRj^^RPi + IGRpgRP^Ri'- -f 24 i?p,i?^,i?P''«" 

+ 2> RRpqrsR^"^^^ — 24 RpqR^j.^^R''^'^* -\- 4RpqrsR^'^"^ R^'^uv 
-SRprqsRWR'''^'^ (2.44) 
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and the formalism we have developed in the previous subsections permits us to obtain, 
from the corresponding action 



Gal' = -7^^- (2.46) 



5(3)-/ d^'x^-gix) £(3)(a;), (2.45) 

JM 

the cubic part of the Lovelock tensor 
^(3) _ l^SS^ 
-g 6g<'^ 

With our previous notations, we have 

^ 3^(6,3)(5) _ 24^(M)(6) + 4h(6^3)(7) _ 8^(6,3)(8) ^2.47) 

and more explicitly, by using (|2.22p - (|2.3ip . we obtain 

Gf,^ = -3 R^Rab + 12 RRpaR\ + 12 R'^'RpqRab - 24 R^^RpaR^b 

+ 12 RRP'^Rpaqb — 24 RP^ R'^j.Rpaqb + 48 R^'^ R^ (^^R\rqp\b) 

— 6 RR^"^^ g^Rpqrb — 3 RabR'^'^^^Rpqrs + 24 i?^(^i?'''^*|p|i?|grs|6) 

+ 12 RPm'^^^Rrsqb - 24RpqRP-'''Rrasb + 24 RpqRP-\R\^, 

— 12 RP'^^'^ RpqtaRrs^b + 24 R^^'''' R^p^^Rtrsb 
+ 12 RP'i'' ^RpqrtR" a b 

+ g„b[(l/2)/:(3)]. (2.48) 
This result is not a new one. In fact, it has been obtained by Miiller-Hoissen in Ref. [TH] 
much more directly. Indeed, in order to functionally derive the Lovelock lagrangian, it 
is not necessary to functionally derive independently all the geometrical terms which 
compound it as we have done. Here, we recover this result mainly in order to check our 
previous calculations. It should be however noted that the comparison of ()2.48p with 
the result of Miiller-Hoissen is not immediate: Indeed, in Ref. 18J, the FKWC-basis 
is not used. But, by using (|5.15cl) . it is easy to put the result of Miiller-Hoissen in our 
irreducible form (|2.48p . 

3. Applications: Renormalization in the effective action and stress-energy 
tensor 

3.1. Effective action and the Gilkey-DeWitt coefficient 03 

In this section, we consider a massive scalar field $ propagating on the D-dimensional 
curved spacetime (A^,^^^) and obeying the wave equation 

(□-m2-^i?)$ = 0. (3.1) 

Here m is the mass of the scalar field while ^ is a dimensionless factor which accounts 
for the possible coupling between this field and the gravitational background. The 
associated DeWitt-Schwinger effective action W [Hlinilinillllllllj which contains all the 
information on the ultraviolet behaviour of the quantum theory, may be represented 
by the asymptotic series [12] 

[ d°x^/-g{x) X 
Jm 
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Here the ak{x) are the diagonal DeWitt coefBcients and we have for the four first ones 

ao — 1, (3.3a) 

ai = -(C- l/6)i?, (3.36) 

02 = -(1/6) (C - 1/5) OR + (1/2) (e - 1/6)2 

- (1/180) Rp^RP^ + (1/180) RpqrsR'"'''' (3.3c) 

and 

03 = -(1/60) (e-3/i4)nni? 

+ (1/6) (e - 1/6) (e - 1/5) RUR - (1/90) (^ - 3/14) R,p,RP^ 

- {l/QiO)RpqURP'> + (1/105) 

+ (1/12) - (2/5) e + 17/420] i?;pi?'P - (1/2520) Rpq.rR^"-^ 

- (1/1260) Rpq.rR"""" + (1/560) 

- (1/6) (^ - 1/6)3 i?3 + (1/180) (^ - 1/6) 

+ (1/5670) RpqRP^R'"' - (1/1890) Rp^RrsR^''"' 

- (1/180) (^ - 1/6) RRpgrsR""''' + (1/270) RpgR^^.R""^'' 

- (4/2835) - (22/2835) 

(3.3rf) 

The results we have obtained in the previous section are therefore helpful in order 
to understand those of the physical aspects of the scalar field theory which are more 
particularly associated with the coefficient a^ since it is of sixth order in the derivatives 
of the metric tensor. In the following subsections, we shall focus our attention on two 
of them. To be more precise, it is important to recall that the effective action p.2p 
is divergent at the lower limit of the integral over s for all the positive values of the 
dimension D. By considering the dimensionality D of spacetime as a complex number, 
the effective action can be regularized by analytic continuation and its divergent part 
can be extracted coherently. In a four dimensional background, the divergent part of 
the effective action is proportional to [H IH [TOl [11] IT2] 



d'^x^/^gix) [a2{x) - m^aiix) + (m''/2)ao(x)] (3.4) 

M 

while its regularized part is proportional, in the large mass limit, to [TOl [TT| 



d'^xy^-g{x)a3{x). (3.5) 

In a six dimensional background, the divergent part of the effective action is 
proportional to 



d^x^y ~g{x) [a3{x) — m^a2{x) + (m''/2)ai(x) — (m^/6)ao(x)] . 

M 

(3.6) 

In both cases, it should be noted that the global (or integrated) Gilkey-DeWitt 
coefficient 



d^xyj ~g{x) a3(x) (3.7) 

IM 

plays a central role. It is therefore necessary to have at our disposal its explicit 
expression as well as the expressions of the three first global (or integrated) DeWitt 
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coefficients. If we now assume that spacetime has no boundary, by using p.3(i|) and 
(|2.14p - (|2.20p . we can easily obtained them. We have 

I— „ _ _ f jD 



d^x^/^ ao = / d^x^/^, (3.8) 

jD^ I— „ _ /" 



d''x^/^ai= d''x^/^[-{^-l/6)R] (3.9) 
M Jm 



and 



and 



/ d^xV^a^^ f d^xy^ [(1/2) (e- 1/6)2 i?2 

JM JM 

-(1/180) RpgRP'^ + (1/180) RpgrsR""'^'] (3.10) 

/ d^x^/^a3^^ d'°a;V^ ([(1/12) (1/30) ^+ 1/336] i?ni? 
Jm Jm 
+ {l/840) RpqDRP'^ 

-(1/6) - 1/6)3 i?3 + (1/180) (e - 1/6) RRpgRP'^ 
-(4/2835) R^qR^vR"" + (1/945) RpgRrsR'"'^' 
-(1/180) (e - 1/6) RRpqrsR'"'''' + (1/7560) RpgR^.^R'^'''* 
+ (17/45360) - (1/1620) . 

(3.11) 

3.2. "Irreducible" form for the approximated stress- energy tensor obtained from the 
DeWitt-Schwinger effective action in four dimensions 

In the large mass limit of the quantized scalar field, the renormalized effective action 
in four dimensions reduces to [101 lllj 



1 



t^rcn = TjTT^ / d^^./^^) a^ix) (3.12) 



and from (|3.1ip we can then write the effective action in the form (see also Ref. [lOilllj ) 

^ \ 2 / d^x^g ([(1/2) e - (1/5) e + 1/56] RUR 

+(1/140) i?p,ni?p« 

-(e - 1/6)3 i?3 + (1/30) (^ - 1/6) RRpqRP'i 

-(8/945) RpgRP^R'^'' + (2/315) RpgRrsR^'''^' 

-(1/30) (C - 1/6) RRpgrsR""''' + (1/1260) Rp^R^^.R'^^'' 

+ (17/7560) - (1/270) . 

(3.13) 

By functional derivation of the effective action (|3.13p . we obtain an approximation 
for the expectation value of the stress-energy tensor associated with the scalar field. 
With the notations introduced in Section 2, we can write 

2 6Wr.r.„ 
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+ (1/140) 

-iC- 1/6)3 i/lf + (1/30) (^ - 1/6) i7l^,'3)(^) 
-(8/945) + (2/315) - (1/30) (C - 1/6) 

+ (1/1260) i/lb'^''*^' + (17/7560) i/lt"^'*^^ - (1/270) 

(3.14) 

and from the relations (|2.22p - (|2.3ip . we have then exphcitly 

rcn 

= - (2/5) e + 3/70] (□i?);afc - (1/140) aORab 

- 6 (e - 1/6) - (1/3)C + l/30]i?i?;a6 

- (e - 1/6) (^ - 1/5) (□i?)i?a6 + (1/15) (e - 1/7) R.,piaR\^ 
+ (1/10)(C - 1/6) RDRab + (1/42) i?p(,ni?^,) 

+ (1/15)(C - 2/7) RPmpg,^ab) + (2/105) 

- (1/70) RPmab.p, + (2/15) (e - 3/14) R'Pmpagb 

- (1/105) (□i?P«)i?pa,b + (4/105) 

+ (2/35) - (l/15)(e - 3/14) 

- 6(e - l/4)(e - 1/6)2 R;aRM ~ {l/m - 3/14) R,pR\,.^b) 
+ (l/5)(e - 17/84) R.,,R^,'P + (l/15)(e - 1/4) 

- (1/210) R^.Rj,,'' + (1/42) - (1/105) RP^-^'^Rr.pia^b) 
~ (1/70) i?f^''"i?pa,fc;. - (l/15)(e - 13/56) 

- (1/70) + 3(^ - 1/6)3 

- (2/15)(e - 1/6) RRpaR\ - (l/30)(e - 1/6) R^^pgRab 

- (2/315) RP^paRgb + (1/15) (e - 1/6) RRP^paqb 

+ (1/315) RP-R\Rpaqb + (1/315) 

+ (l/15)(e - 1/6) RRP^^Rpqrb + (l/30)(e - 1/6) RabR""''' Rpgrs 

- (4/315) - (2/315) RP'^R^%,Rrsgb 
+ (4/315) RpgRP-^'Rrasb - (1/315) RpgRP''\R\,b 

+ (2/315) RP'^-^pgtaRrs'b + (4/63) RP'-'^'R^^aRtrsb 

- [2/315) RP^^RpgrtRW 

+ 9ab[hC^ + (2/5) e - 11/280] DDi? 
+ 6(e - l/6)[e' - (1/3) e + 1/40] ROR - (l/30)(e - 3/14) R.pqRP^ 

- (1/15)(^ - 5/28) Rp^aRP-^ + (4/15)(e - 1/7) Rp,.,rsR'"''' 
+ 6(^3 _ (13/24)^2 _^ (17/180)^ - 53/10080] R.pR^ 

- (1/15)(^- 13/56) - (1/420) 

+ (1/15)(^ - 19/112) i?p,,3;ti?P«"^* - (l/2)(e - 1/6)3 i?3 
+ (1/60) (C - 1/6) RRpgRP" + (1/1890) RpgR^^R''"' 
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- (1/630) RpgRrsR^' '^" - (1/60) - 1/6) RRpgrsR'"^''" 

+ (2/15)(C-l/6)i?pX..t^'"* 

- (1/15)(C - 47/252) 

- (4/15)(e - 41/252) (3.15) 

We have therefore expressed the approximated expectation value of the stress-energy 
tensor associated with the scalar field on the FKWC-basis described in Section 2. We 
have a final expression which is simplified and without any ambiguities. It should be 
noted that in recent articles [inilinilll]) Matyjasek has calculated this stress-energy 
tensor but, being only interested by the result in particular spacetimes, he has not 
obtained a general simplified result valid in an arbitrary background. 

To conclude this subsection, we would like to emphasize some possible other 
simplifications coming from "topological" and geometrical constraints associated with 
the four dimensional nature of spacetime. In that special case, it is well-known that 
the Euler number 



d^x^~g{x) £(2)(a;) (3.16) 

'M 

where £(2) is given by (|2.43p is a topological invariant. As a consequence, its metric 
variation vanishes identically and we have 

^(4,2)(l)_4^(4,.)(.)_^^(M)(3)^0 (3.17) 



with 



-9 Sg"" 



M 



2 R;ab ~ 2 RRab 

+ gab[-2DR+ {1/2) R^], (3.18) 



ii-(4.2)(2) ^ J: I ^4 /— o op? 

= R;ab — ORab — 2 R'"^ Rpaqb 

+ gabh{l/2) DR + (1/2) RpqRf^], (3.19) 



'''' - ^5g-b Jm a^virsti 



— 2 i?;a6 ~ 4 Di^ab + 4i?^^i?pb — A.RF'^Rpaqb — '^R^'^^ a^pqrb 

+ gab[il/2)RpqrsR'""^'], (3.20) 

or more explicitly, 

— 2RRab + iR^^Rpb + AR'^'^Rpaqb — '2.R^'^^ ^Rpqrb 

+ \gabiRpqrsR'"'''' - ^RpgR"' + R^) - 0. (3.21) 

Moreover, in four dimensions, we have the Xu's geometrical identity (see Ref. [22] as 
well as the introduction of Ref. | 23j for a simplest derivation and a clear interpretation) 

— 8 RRpqR^'^ -\- 8 RpqR^ ^R'^^ 4- 8 RpqRrsR^^'^^ 

+ RRpqrsR^'^''' - 4 RpqRP^.tR'"''' = (3.22) 
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which permits us to write 

^(M)(l) _ g ^(M)(2) ^ g ^(M)(3) _|_ g ^(6,3)(4) 

+ 7J(6,3)(5)_4^(6^3)(6) ^3 23) 

Finally, in four dimensions, the cubic Lovelock lagrangian £(3) given by (|2.44p as 

well as its metric variation, i.e. the cubic Lovelock tensor G^^ given by (|2.48p . vanish 
identically. As a consequence, we have with p.l7p or p.2ip . (|3.22p and p.23p . £(3) = 
(3) 

and G^;^ = five new geometrical relations which could permit us to fully simplify the 
expression p.lSp of the approximated stress-energy tensor. We leave this task to the 
interested reader because the choice of the (scalar and tensorial) Riemann monomials 
to be eliminated is a matter of taste and depends on the problem treated as well as on 
the gravitational background considered. We remark however that in the expression 
(|3.14p of this stress-tensor, it would be certainly interesting to drop two of the ten 
terms by using (|3.23p as well as 0^,^ = in the form 

^(6,3)(i) _ i2 77f,.3)(2) ^ ^QHj^^Ms) _^ 24i7f,'^)(^) 

3^(6,3)(5) ° 24i?f/)(^) + 4i/ir^<') _"8^(6.3)(8) ^ Q (3 



3. 3. Infinite counterterms appearing in the left hand side of the bare Einstein 
equations in six dimensions 

As we have noted in Subsection (3.1), the divergent part of the effective action 
associated with the scalar field is proportional to ()3.6|) in a six dimensional background. 
It can be removed by renormalization of the Newton's gravitational constant and 
of the cosmological constant and by adding to the Einstein-Hilbert gravitational 
lagrangian three counterterms of order four {R^, RpgR'"^ and RpqrsR^'^^'^) in order 
to eliminate the divergences associated with the DeWitt coefficient 02 (see p.lOl) ) as 
well as ten counterterms of order six {RDR, RpgDRP'^, R^, RRpgRP'^, RpqRP^R'i\ 

n n fiprqs r> td UPqrs r, r>P oqrst d rjpquv r>rs d K>P 9 nrusv\ ■ 

^i'pq-^*^rs^^ : -"'-"'pgrs-"' : -"-pg-"' rst ' ^^pqrs^^ ^ uv^ ^''prqs^^ u v J 

order to eliminate the divergences associated with the Gilkey-DeWitt coefficient 03 
(see (I3.1ip ). These last ten counterterms induce in the bare Einstein equations a 
correction of sixth order in the derivative of the metric tensor which is of the form 

„{2,0}(1) rr{2,0}(3) rr(6,3)(l) 77-(6,3)(2) 

, ^ H-(6.3)(3) H-(6.3)(4) , ^ H-(6.3)(5) , ^ rr(6,3)(6) 

-Urv ?7-(6'3)(7) I ^ 77-(6,3)(8) ,o oc^i 

with the coefficients ai containing terms in 1/(Z) — 6) and so diverging in the physical 
dimension limit. Furthermore, because in six dimensions the Eulcr number 

/ d'^x^-gix) £(3) (a:) (3.26) 
JM 

where £(3) is given by (j2.44p is a topological invariant, its metric variation G^^^ given 
by (|2.48p vanishes identically. We then have here again the constraint (|3.24p which 
could permit us to eliminate one of the ten contributions of order six in the bare 
Einstein equations. 
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4. Concluding remarks 

The metric variations of the gravitational action terms constructed from the curvature 
invariants of order six in derivatives of the metric tensor have been aheady considered 
by numerous authors (see, for example, Refs. [H [551 [THl HOI [HI [551 [H] ) . However, in 
the works achieved until now, all the possible simplifications due to the symmetries 
of the Riemann tensor as well as to Bianchi identities have not been systematically 
done. As a consequence, there did not exist until now, in literature, explicit irreducible 
formulas for these functional derivatives as it was the case for the functional derivatives 
with respect to the metric tensor of the action terms constructed from the gravitational 
lagrangians OR, R^, RpqRP'' and RpqrsR^'^^'^ , i-e. from the curvature invariants of 
order four in derivatives of the metric tensor (see, for example, Ref. [9]). In the present 
paper, by using the results obtained by Fulling, King, Wybourne and Cummings [1] 
based on group theoretical considerations, we have solved unambiguously this problem, 
filling up a void in quantum field theory in curved spacetime. We have been able to 
then discuss some aspects of quantization linked to the DeWitt-Schwinger effective 
action (simplified form for the renormalized effective action in four dimensions and 
simplified forms for the infinite counterterms of order six in the derivatives of the 
metric tensor which must appear in the left hand side of the bare Einstein equations 
in six dimensions). 

We think that our results could be helpful not only in four dimensions but also 
in treating some aspects of the quantum physics of extra spatial dimensions which is 
currently exploding under the impulsion of string theory. In a near future, these results 
could be more particularly interesting i) in order to understand the back reaction 
problem (in the large mass limit of the quantized fields) for a wide class of metrics [28] 
and ii) in order to discuss, from a general point of view, the Hadamard renormalization 
of the stress-energy tensor in an arbitrary ZJ-dimcnsional spacetime ^29j and to study 
precisely its ambiguities. 
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5. Appendix 

5.1. Geometrical identities between Riemann polynomials of order six and ranks zero 
or two 

In the present subsection of the Appendix we provide some geometrical identities which 
permit us to eliminate "alternative" Riemann monomials of order six by expressing 
them in terms of elements of the FKWC-basis. These relations are more generally 
useful for calculations in two-loop quantum gravity in a four dimensional background 
or for calculations in one-loop quantum gravity in higher dimensional background. All 
these relations can be derived more or less trivially from the "symmetry" properties of 
the Ricci and the Riemann tensors (pair symmetry, antisymmetry, cyclic symmetry) 




(5.1a) 
(5.16) 
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Rabcd — —Rbacd and Rabcd — —Rabdc, (5.1c) 
Rabcd + Radbc + Racdb = 0, (S.lrf) 

from the Bianchi identity and its consequences obtained by contraction of index pairs 

Rabcd-e + Rabec-d + Rabde-c — (5.2a) 
^abcd'"^ — Rac-b " Rbc;a (5.26) 

Rj = {l/2)R,a (5.2c) 
as well as from the commutation of covariant derivatives in the form p.ip . 

It is of course possible to derive numerous scalar relations between scalar Riemann 
monomials of order six but, in fact, it seems to us that only five of these relations are 
really important: 

1 

r 2^-* 



= - R,„RP'i + RpgRP^R""- ~ Rp.RrsRP'^i' (5.3) 



and 



and 



Rpqrs^R^^ — ^ Rpq-rsR^ ^ ~t~ 2 RpqR rstR^ 

RpqrsR^^uvR ^RprqsR^i^yR (^■^) 



uprqs T) n uv _ p npquv rjrs fK^n^ 

^pquv^rs (-) ^pqrs^ ^ uv^ \0,oa) 



Rpq R^ ^ Rrusv — ^ RpqrsR^^ R uv^ (5.56) 
RprqsR^ ^ R V u ~ ^ RpqrsR^^ R uv ^ RprqsR^ yR ■ (5.5c) 

Similarly, among all the tensorial relations between Riemann monomials of order 
six and rank two, we have chosen to retain more particularly the 15 following ones: 

0{R-ab) ~ iOR)-ab + R;p{aR^ 

- 2 RP^paqb - R-.pRab" + 2 R:.pR\a,k) (^.6) 



and 



and 



and 



and 



RP^ Rpa\qb — R^^ Rpa\bq R^ R'^rRpf^Qb 

+ RPm\Rrqpb (5.7) 



R^a'^ Rrqpb ~ n R aR^'^ gRpqrb „ R^'' R paRrsqb (5-8) 



RF'^^ Rraqb:p — RF^^ Rrqpb;a RF^^ Rpaqb\T (^■^) 



R^'^ -aRpgrb^s — 2 R^"^ -jaRpqrs-jbi (5.10a) 
R''^\;qR\rb;p = \R'"^';aRpqrs;b (5.106) 
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and 



and 



and 



and 



and 



npqrs n _ _ ppqrs n npqr n DS t 

iL ^^pqra;hs — o ^^pqrs-.ab s^^pq^t^^ a b 



_ RPI^'^ Rpij^^R^Jj^ + 2 RP^'^^R^pg^Rtrsb (5-11) 



iDpqr rijD o pP?;"" n 9 nP i?'" D 1 pP pqrs p 

-^t' — ^-^pqrb — ^ ix f^^^rqpa ^ ^ b ^pqra "r -H. ^-Tt pJ^qrsa 

+ R^'^R^^p^Rrsqb — R^'^^'^ RpqtaRrsb ~ ^ R^^''^ R^ pqaRtrsb (5-12) 

RP''DRpaqb = R^'^Rpq-(ab) — R^"^ Rp{a;b)q + R^'' Rab;pq 

— 2 R^'^ R^ i^^R\rqp\b) — 2 R^'^R'^^p^Rrsqb 

- 2 RpqW'-'^'Rrasb + 2 RpqR^''\R\,t, (5.13) 



RpqR^'''\R'^ srb = Rpq^^'^'^a^'^rsb ~ 9 R^'' R^'^a^Rrsqb (5-14) 



R^''^" R*^pqaRtrsb — ^ R^'^^^ RpqtaRrs^ b^ (5.15a) 
R^''^" RpqtaR^rsb ~ ^ ^ R^''^^ RpqtaRrJ" b^ (5.156) 
i?^ ' RpqtaRrs b ~ 2 RpqtaRrs b-> (5.15c) 



R^^'^'^ R* pqaRtsrb — R^^'^'^ R*' pqaRtrsb — ^ R^"^^^ RpqtaRj s^b^ (5.15c?) 
R^^'^^ RpqtaR^srb ~ ~^R^'^^^ RpqtaRrs b- (5.15e) 

There exists in particular a lot of other relations involving terms cubic in the Riemann 
tensor which are useful in calculations but they can be obtained trivially from the five 
previous ones. 



5.2. Elementary variations 

In this short subsection of the Appendix, we provide a list of relations describing 
the behaviour of some important geometrical tensors in an elementary variation of 
the metric tensor. These relations are useful to obtain, in Section 2, the functional 
derivatives with respect to the metric tensor of the action terms constructed from the 
17 scalar Riemann monomials of order six. Apart from two of them which we have 
established, these relations can be found in Ref. [13] but we prefer to collect them i) 
in order to avoid the reader having to read this reference and ii) because in certain 
cases we have adopted a more practical notation. 
In the elementary variation 

gab gab + Kb (5.16) 
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of the metric tensor we have 



with 



9 



-9 



- ab 



ab 



abi 



R + SR, 
DR^DR + dinR), 

Rab Rab + SRab, 

aRab^aRab + 6{aRab), 

Rabcd Rabcd + ^Rabcd, 

59"' = ~9'"'9'%„ 

^ 2^^^ ^^^^ ^ ^ 9'"'hpq, 



SK, = - 

SR = hP'^.,- 



ab 

- Dh - RP'^h 



■pq -X ■''pq, 

S{nR) = nikP" ) - ODh - 2RP'''''hpq,r - RP'^ahpq - {DRP'^)hpq 



(5.17a) 
(5.17&) 
(5.17c) 
(5.17rf) 
(5.17e) 
(5.17/) 
(5.17ff) 
(5.17/i) 

(5.18a) 
(5.18&) 

(5.18c) 
(5.18rf) 



1 



R'P^hpq - R,phP^.^ + -R-ph'P, 



5Rab^l^{h\,,^ + hP,. 

5{nR,,) = \[n[hP^.^,^) 



ap --.Lbu n/l^^), 



(5.18e) 
(5.18i) 



^..apy^,. , -r - h.^'P'^) - ^RbpiahP, + /l^-V, - h.^'P'^) 



-RapiDhP. + hP'^.^, 



R (h P'"^ 



K"''" + h^'-b) - Rbp-Ahf'" - hj'^ + /i^%),(5.183) 



5R, 



■abed 



{habidc — hab-cd + had-bc — hac:bd — h},d-, 



^bc:ad } 



+ R^bcd^ap- 

In the elementary variation (|5.16p of the metric tensor, we have moreover 

R;a ^ R;a + S{R-a) 
R-ab R-ab + S{R-ab) 
Rab:c — * Rab;c + ^{Rab:c) 
Rab-cd — > Rab-cd + 5{Rab:cd) 
Rabcd-e ^ Rabcd-e + S{Rabcd-e) 



(5.I8/1) 

r 

(5.19a) 
(5.196) 
(5.19c) 
(5.19rf) 
(5.19e) 



with 



S{R,a) = {SR);a (5.20a) 
6{R.ab) = {5R)-ab - R-A^Kb) (5-20&) 

6{Rab-c) = {SRab),c - RpaiSri) - RpbiSTPJ, (5.20c) 
6{Rab;cd) = {SRab)-cd " {STPeURpb " {STD.dRpa " n)Rab-p 
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- {SrPjR,t;d - {Srl}Rpa;d ~ {SK,)Rpt;c ^ {Srl^}Rpa;c (5.20(i) 
6{Rabcd-e) — {5Rabcd)-e ~ iS^ae)Rpbcd — {5T^^)Rapcd 

~ {SVi:)Rabpd - (<5r2Ji?,fc,p. (5.20e) 

5.3. Standard form for the approximated stress-energy tensor associated with massive 
spinor and vector fields in four dimensions 

In this last subsection of the Appendix, we briefly extend the result obtained in 
Subsection (3.2) by providing, in the large mass limit, simplifified expressions for 
the approximated stress-energy tensors associated with a massive spinor field and a 
massive vector field propagating in a four dimensional background. These results have 
been obtained very easily and quickly from the formalism developed in Section 2 and 
they explicitly prove the power of this formalism. 

In the large mass limit, the renormalized effective action of a neutral spinor field 
is given by [TOl [11] 

^^^'^ = IJ^^' (-(3/280) i?ni? 

+ (1/28) RpqURP'i + (1/864) R^ - (1/180) RRpqR^'^ 
-(25/756) RpqRP^R'"' + (47/1260) RpgRrsR'""" 
-(7/1440) RRpqrsR"""' + (19/1260) RpgR^^.tR'''''' 
+ (29/7560) - (1/108) i?p,,,i?f„«„i?™^") . 

(5.21) 

By functional derivation of this effective action, we obtain for the associated 
expectation value of the stress-energy tensor the expression (here we use the notations 
introduced in Section 2) 

.1/2 



,,=1/2, _ 2 SWr 



rcn 



{2,0}(1) 



Sg" 

i-j (-(3/280) 



967r^m^ 

+ (1/28) + (1/864) - (1/180) 

-(25/756) i/fb'^^^^^ + (47/1260) i/^fe'^'*^^ - (7/1440) H^l''^''^^^ 

+ (19/1260) i/^b'^^'*^' + (29/7560) H^Jl'^'>^^^ - (1/108) 

(5.22) 

and from the relations (I2.22p - (|2.3ip . we have then explicitly 

= (1/70) (□i?);a6 - (1/28) nURab - (1/120) RR,ab 
+ (1/120) (□i?)i?a6 + (23/840) R;p(aR\) + (1/40) RUR^b 
+ (29/420) Rpia^R\) - (19/420) RPmp,.,^ab) 

+ (61/420) RPmp^a;b)q - (11/105) RPmab:p, - (1/105) R'Pmpagb 



(17/210) (□i?P«)i?p„,6 + (13/105) R'"''\,R\r,p\b) 

^ '^ir u .,1 ^^ /oin\ DP9' 



(16/105) R'',''"'R\pgr\b) + (1/210) RP''^'Rpgrs;(ab) 
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+ (19/840) RpR\,.^,^ ~ (1/420) R,pR^,'P - (1/60) R"" .^^,Rb)p;q 

- (1/140) R^a-A'' + (3/35) R\,R\.^^ (1/21) R^^'"- Rr^a^b) 

- (11/105) RP^'^^Rpaqt^r + (1/420) RP'^'^'.^Rpgrs-t 

- (4/105) RP''\,,Rp^,,'' - (1/288) R^Rat 

- (7/360) RRpaR\ + (1/180) RP^RpgRat 

- (1/252) RPmpaRqb + (11/360) RR^'^Rpaqb 
+ (13/1260) RP^R\Rpaqb + (97/1260) 

+ (7/720) Rm\R,,,rb + (7/1440) RabRP'^'Rpqrs 

- (73/1260) + (19/504) R^m^^^^Rrsgb 
+ (73/1260) RpgRP-'^'Rrasb - (97/1260) RpgRP-\R\^, 

+ (73/2520) RP'^-'RpqtaRrsb + (239/1260) RP'-'''R'pg,Rtrsb 

- {73/2520) RP'^^.RpgrtR'ab 

+ gab[{l/ 280) DDR - (1/240) i?ni? + (1/420) 
+ (1/105) RpgORP" + (3/70) Rpg^rsR^P''"" - (1/672) 
+ (3/280) RpgyrRP"'' - (1/280) Rpg.rRP''" + (1/168) i?p,.,;ti?P«"'* 
+ (1/1728) - (1/360) RRpqRP'i ~ (1/945) RpqRP^R'^'' 
+ (1/315) RpqRrsRP''"" - (7/2880) RRpqrsRP"'''' 
+ (7/360) RpqRP^.tR''-'' - (61/15120) 

- (43/1512) (5-23) 
In the large mass limit, the renormahzed effective action of a vector field is given 

by [IQlin] 

- L'^'^^ (-(27/280) i^Di? 

+ (9/28) RpqURP'i - (5/72) i?^ + (31/60) RRpqRP'^ 

-(52/63) RpqRP^R'i'' - (19/105) RpgRrsRP'''^" 

-(1/10) RRpqrsRP"''' + (61/140) RpqRP^^tR'^'^'* 

-(67/2520) + (1/18) . 

(5.24) 

By functional derivation of this effective action, we obtain for the associated 
expectation value of the stress-energy tensor the expression (here we use again the 
notations introduced in Section 2) 

2 6W''=^ 



= ^ (-(27/280) i/ir^^^ 

-{9/28) Hi','^^'^ - (5/72)i/f,--')(i) + (31/60) ffll;'^)*^) 
-(52/63) - (19/105) - (1/10) i/^fc''^^'^ 

-(61/140) i/lb'^^^^^ - (67/2520) iJ^^'^^*^^ + (1/18) H^^/^'^^^ 

(5.25) 
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and from the relations (I2.22p - (|2.3ip . we have then exphcitly 
(967r2m2)( T.^' )rc„ 

= (9/70) {DR),ab - (9/28) DDRab - (1/10) RKat 

- (7/30) {aR)Rab + (13/35) i?;p(ai?^) - (7/60) ROR^^ 
+ (337/210) it!p(,ni?P,) + (22/105) 

+ (34/105) R'">Rpia;b)g " (107/210) RPmab;pg + (1/21) R'^'^pagb 

- (22/35) {aRP<^)Rpaqb + {^6/35)RP''-\^R^rgpib) 

+ {116/105) R\^''''^Rlpgr\b) ' il/'i2)RP^'-'Rpgrs,(^ab) 

- (1/24) R.aR.b + (83/210) R-pR\,.,) - (41/84) R.pR,^'" 
+ (31/60) - (14/15) + (221/210) 

+ (113/210) + (5/21) RP''-^^Rrgpia;b) 

- (107/210) RP^'-Rpagb-r - (17/840) RP'^^'.^Rpgrs-b 

- (29/105) RP''-a;sRp,rb^ + (5/24) R'Rab - (2/5) 

- (31/60) RP^p^Rab + (1/21) RP'^RpaRqb - (19/30) RRP^paqb 
+ (33/35) RP'-R\Rpaqb - (139/105) 

+ (1/5) RRPO^Rpqrb + (1/10) RabR^^' ^Rpgrs 

- (74/105) - {5/42)RPm'^%,Rrsqb 
+ (74/105) RpgRP'-^^Rrasb ~ (71/105) RpgR"''\R\,b 

+ (37/105) RP'^'RpgtaRrs'b + (97/105) RP^-^'R^^^Rtrsb 
-(i7 /10b) RP'^^Rp.rtRW 

+ 5a6[(9/280) DDi? + (19/120) i^Di? - (1/84) R.pqR^'^ 

- (223/420) RpqURP'i + (79/105) Rpg.rsR'"''" 

+ (163/1680) R.pR'P - (17/56) Rpq.rR^"'''' + (11/420) Rpg.rRP''"' 
+ (51/560) Rpqrs-tR^'"'"'' ~ (5/144) R^ + (31/120) RRp^R^'^ 
+ (1/630) RpgRP^R'^'' - (53/105) RpqRrsRP"'"' 

- (1/20) RRpgrsR"'"^' + (2/5) RpgRP.^.R'^''* 

- (263/2520) - (106/315) 

(5.26) 

It should be finally noted that it is possible to simplify (|5.22l) and (|5.25p or (|5.23p 
and ()5.26p by using the "topological" and geometrical constraints described at the end 
of Subsection (3.2) which are independent of the quantum field considered. 
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